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The fact that Stirling Numbers of the Second Kind
have arisen in various nonrelated fields, from microelec-
tronics to topology, establishes the need for a more exten-
sive study of the properties of these Stirling Numbers. In
order to study the properties, new identities and inequali-
ties for Stirling Numbers of the Second Kind must be formed
In an attempt to deepen the understanding of Stirling Num-
bers, this paper first states and proves known identities,
and then establishes various new properties through the in-
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I. INTRODUCTION
Stirling Numbers of the Second Kind, S(n,k), can be
defined and interpreted in various different ways, all of
which lead to the same set of numbers. First, S(n,k) is
the number of ways that n objects can be partitioned into
K_ different cells, with no cell empty [6]. Second,
S(n+1, n+l-k) is the number of ways of putting K non-at-
tacking rooks on an isosceles right triangle of side n [6]
.
Third, S(n,k) is the number of distinct fields of events
defined on a sample space ft (containing n elementary ele-
ments) to which each field contains 2 events [7]
.
A fourth interpretation, upon which all work in this
riongj" is based follows i










where the S(n,k)'s are Stirling Numbers of the. Second Kind.
The primary objective of this paper is to increase the
knowledge and understanding of the nature of Stirling Num-
bers of the Second Kind. This is accomplished through the
introduction of several new identities, inequalities, and
properties involving Stirling Numbers of the Second Kind.
In .order to provide a foundation from which to build,
the second chapter is devoted to the known basic properties
of Stirling Numbers of the Second Kind. The basic tool used
in working with the Stirling Numbers, is the recursion formula

S(n+l,k) = S(n,k-1) + k S(n,k)
and the "end conditions" which accompany it
S(n,0) = n>0
S(n,n) = 1 n>0
S(n,l) = 1 n>0 .




S(n,k) - jl £ (-D k+r (k) rnK
' r=0 |r<
will be proved in Chapter II.
An interesting property of Stirling Numbers of the
Second Kind is the fact that the v are unimodal for fixed n
greater than or equal to three. In the third chapter, two
theorems dealing with this property are proved. The first
theorem, by Elliott H. Lieb [3], shows that Stirling Num-
bers of the Second Kind possess the property of Strong Log
arithmic Concavity, and thus are unimodal
THEOREM:
For n > 3
S 2 (n,k) > S(n,k-1) S(n,k+1)
.
The second theorem, by A. J. Dobson [1], gives the same re




For n > 3 3 a maximum S(n,k)
, k = k 5
S(n,k) > S(n,k-1) k = l,...,k
n
S(n,k ) > S(n,k +1)
S(n,k) > S(n,k+1) k = k +l,...,n
k =k , or ' k =k , + 1
.
n n-1 n n-1
After a brief glimpse of generating functions in the
proof of Lieb's Theorem in the third Chapter, Chapter IV
goes on to make use of other generating functions and their
properties in order to further investigate Stirling Numbers




(t) - Y. S(».»0 HT
is equal to
n=0
(e* - l) k
k!
which leads to the identity
n-w
S(n,k) = 7¥^- A S(n-r,w)S(r,k-w)(?) .W w r^k-w
< w < k.
A particular case of this identity yields the known result,

S(n+l,k) = ) S(r,k-1)[?)
r =Tc - 1 *
'
The ordinary generating function
n
Z n (u) = L S(n,k)ukn k=0










-\-= ^ + at) Wu>-
Finally, through the study of generating functions,
another identity of Stirling Numbers of the Second Kind is
formed
n
n _ \ S (n ,n-k)
n! La ~TT
k =
After studying Stirling Numbers of the Second Kind
through generating functions, the next step is to use this
knowledge, along with that which is already known, to de-
velop new identities, inequalities, and properties. This
procedure is followed throughout chapter V and leads to the
immediate acquisition of two additional identities





,k) = ^ r S(n+r-k,r;S(n+1
r=l
Further investigation of the results of Chapter II re
veals, the following theorem
THEOREM





In turn, this theorem leads to the following
n
n! = L r-n n+w l n \ 7
w=0 l 1J l w J Z n (w)
Through the use of information obtained in Chapter III, a
new inequality dealing with Stirling Numbers is established.
THEOREM:

















) > S( ni ,k 2 ) S(n 2 ,k x ) .
Appendix I is a table of Stirling Numbers of the Second
Kind computed to n equals 100. This table was constructed
3





S(n+l,k) = ) r S(n+r-k,r).
r=l
Further investigation of the results of Chapter II re
veals the following theorem
THEOREM: k
f f(x) = la ar
r=0
then
k -4rl C-D k+w|S)f(w) .a
' w=0
In turn, this theorem leads to the following
n
w=0 C 1J M Zn (w)
Through the use of information obtained in Chapter III, a
new inequality dealing with Stirling Numbers is established.
THEOREM:
























Appendix I is a table of Stirling Numbers of the Second
Kind computed to n equals 100. This table was constructed
3

through the use of the IBM/360 computer. String addition
and multiplication were used in order to obtain the desired
number of decimal places.

II. BASIC PROPERTIES OF STIRLING NUMBERS OF THE SECOND KIND
LEMMA 2.1








= x(x-l) (x-2) . .
.
(x-k+1) (x-k)
WW = Cx) k (x-k)
x(x)
k














- jL S(n >!0 [(x) k+1 k(x) k
]
n+ 1 n n
£_> S(n+l,k)(x) = 2_. S(n,k)(x) + /_j k S(n,k)(x)
k=0 K k=0 K l k=0 K
Comparing coefficients of (x)
,






a) S(n,0) = n>0
b) S(n,l) = 1 n>0
c) S(n,n) = 1 n>0
k=0
n











b) ln = Is(n,k)(l),
k=0 K
(Do " 1









c) By induction on n
True for n = (from proof of a)
Assume true for n, S(n,n) = 1
by Lemma 2.1
but S(n,n+1) = since n n+1
thus S(n+1, n+1) = S(n,n) = 1.
LEMMA 2.3
S(n,k) = 1 £ C-D k+r (*) rnk.
r=0
PROOF: By induction on n
Equation (1) is true for n = 1
k_










= -0 + 1 = 1
SU.1)
-T^ E(-D r+1 lr) *
(1)
Assume (1) is true for n
S(n+l,k) = S(n,k-1) + k S(n,k)
lK 1J






-k V ( nk+r k-l| n k V r ^k+r Ik] n
= FT L C-l] r + FT ' L C" 1 ) lr) r
r=0
k-1
r Ln c-D k+r rn^M)^ 19 k-1 $ ("D 2k tkl k*
FT
k-1



















r! (k-l-r) r" £ M) 2kUk )k
k-1
= ±yk ! t-„ r -
1
r^- 1 )
k+r k!-(k-l) ! (k-r)
r! (k-r)
!
n k c i . 2k/k"\ , n
r + FT (
" 1} Ik) k
k-1





2k f Y\ , n, ,. f kl ,
FT (
" 1} Ik] k
k-1
-
l V r -^ k+r |k\ n+1 1 , ,.2k \k\ i
" FT L^'D lr) r + FT ( ' 1} Ik) k
1 V r -M k+r ( k 1 n+1
" ET Zi C-l) l r r
r=0




III. CONCAVITY PROPERTIES OF STIRLING NUMBERS OF THE SECOND
KIND
For fixed values of n, greater than or equal to three,
Stirling Numbers of the Second Kind possess a single maxi-
mum peak which stretches for at most, two values of k. This
maximum and the relations between Stirling Numbers, as k in-
creases, will be discussed in this Chapter.
DEFINITION 3.1
A set of positive real numbers, A, ,k=l,...,n,
is UNIMODAL CZZ3 there exist integers a-, b such
that 1 < a < b < n and
Av- Av-i 2 < k < a
A-, = constant a < k < bk - -
Ak > Ak+1 b < k < n-1
DEFINITION 3.2
A set of positive real numbers, A, , k=l,...,n,
possess STRONG LOGARITHMIC CONCAVITY
Ak
> Ak-lAk+l k=2,...,n-l
Thus, if a set satisfies definition 3.2 it also is uni-
modal and b=a or b=a+l, since three equal values would lead
to a contradiction of Definition 3.2.
14

Elliott H. Lieb, [3] establishes the strong logarith-
mic concavity for Stirling Numbers of the Second Kind and
this theorem is stated as follows:
THEOREM 3.1
n > 3
S 2 (n,k) > j^- S(n,k-l)S(n,k+l)












it will be sufficient to show that
n n
181 > rn-rfn^ > rn-r m |n\
J7 L. x * (r L* * ' r
I r=0 r=0
(2)
Vm, by induction on m.
Equation (2) is true for m = 1
n n
1
8 \ \ r n-r I n\ \ r n-r ln\
X ] L* z r - L™ *
I r=0 r=0
i .e
Assume Equation (2) is true for m
n n
'
f 3\ ) r n-r in] ) r n-r m In)
x
-^ L x z U = Z- x * r |r|
* 1 r=0 r=0
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Show Equation (2) is true for m+1
| 8
i










9x, 1 r n-r mx z r (?)
n
Zr n-r m+1 fn^x z r [ r ]
r =
Therefore, Equation (2) is true for m+1 which completes
the proof.
PROOF OF THEOREM 3.1
Consider the generating function




Substituting for S(n,k) from Lemma 2.3




X> I(-D k+r (8) \ kr) xk
r=0 k=r
n n
I,r" S c-D k+r |?) (J:?) xk
r=0 k=r














[t] h r.nW fn-r] w
r=0 ' w=O l J I w / x <
n-r






Thus, from Lemma 3.1








Cx) . xU n (x+z)
, for fixed real z.
B
z
(x) has n real roots by Rolle's Theorem, since (x+z)
has n real roots. B
2
(x) is homogeneous of degree n in both
z and x, and contains the term xn
. Therefore, its roots
are x o^z; i=l,..., n where the a's are real. Thus, the
roots of B(x) are x = a.(l-x) which are also real.








has only real roots, then
C




Since B(x) has only real roots









S 2 (n,k) > S(n,k-l)S(n,k+l) •









(n-k-1) !n!n! \ k-1/ \ n-k
or
S 2 (n,k) > S(n,k-l)S(n,k+l) ^
S 2 (n,k) > S(n,k-l)S(n,k+l)
which completes the proof of Theorem 3.1.
Therefore, for fixed n greater than or equal to three,
Stirling Numbers of the Second Kind have the property of
strong logarithmic concavity, and thus are unimodal with
the maximum lasting no more than two values of k.
However, Stirling Numbers of the Second Kind possess
a stronger property than that of being unimodal. A. J.
Dobson establishes the following [1]
:
THEOREM 3.2
For n > 3 <J a maximum S(n,k) , k=k ^
S(n,k) > S(n,k-1) K — -L , . • « ,-K
n
S(n,k ) > S(n,k +1)

S(n,k) > S(n,k+1) k«=k
n
+l,. . . ,n




By induction on n











Assume (3) is true for n.









n+1+l,. . . ,n+l
Using the recursion formula established in Lemma
S(n+l,k) - S(n+l,k-l) =
• S(n,k-1) + kS(n,k) -S(n,k-2) - (k-1) S(n,k-1)
= k
]
S(n,k) - S(n,k-1) + 2S(n,k-l) -S(n,k-2)










S(n+l,k) > S(n+l,k-l) k=2,...,k
n
for k=l S(n+l,l) = 1 > S(n+1,0) =
hence
S(n+l,k) > S(n+l,k-l) k=l,...,k . (4)
The following identity will be used at this time and
proved later in the fourth Chapter.












S(r,k) - S(r,k+1) k) S(k,k)
S(r,k) > S(r ,k + l) r=3,. . . ,n
k=k
, . . .
,r
r ' '




k-K , . . . ,n




In order to complete the proof of Theorem 3.2, three
cases must be considered
CASE I
S(n,k ) = S(n,k +1)
take k .. = k +1
n+1 n
S(n+l,k ) - S(n+l,k +1)v. > n J v. , n J
= S(n,k -1) + k S(n,k ) - S(n,k ) - (k +1) S(n,k +1)v
' n ' n v 'n^ ^ ' n^ K n J K ' n J
(k -1) S(n,k ) - (k -1) S(n,k +1) - S(n,k -1) - 2S(n,k )
(k -l)[S(n,k ) - S(n,k +1)] + S(n,k -1) - 2S(n,k )
= S(n,k -1) - 2S(n,k )
but
S(n,k ) > S(n,k -1)
therefore
S(n+l,k ) - S(n+l,k +1) < for k . = k +1v
' n' v ' n J n+1 n
or
S(n+l,k Al ) > S(n+l,k --1) .v
' n+1' v ' n+1 *
This, in conjunction with (4) and (5) yields
S(n+l,k) > S(n+l,k-l) k=l,...,k
n+1












S(n+l,k ) < S(n+l,k +1)




n+1 -l) < S(n+ l,kn+1 )
Again combining (4) and (5)
S(n+l,k) > S(n+l,k-l) k=l,...,k
n+1
S(n+l,k) > S(n+l,k+l) k=k




S(n,k ) > S(n,k Al )
and







S(n+l,k tl ) > S(n+l,k ^ + 1)v
' n+1' - v ' n+1 *
which yields
S(n+l,k) > S(n=l,k-1) k=l,...,k
n+1
S(n+l,k
n+1 ) > S(n+l,kn+1 +l)
S(n=l,k) > S(n=l,k+1) k=k
+1 + 1 , . . . ,n+l
.
Thus (3) is true for n+1, which completes the proof.
Unlike Theorem 3.1, which implies that Stirling Numbers
are unimodal, this theorem shows that a strict inequality
22

exists at all steps, except possibly between the maximum
Stirling Number and the one following.
23

IV. NEW IDENTITIES THROUGH THE USE OF GENERATING FUNCTIONS
In order to obtain new properties and identities of
Stirling Numbers of the Second Kind, various generating
functions can be studied.
Definition 4.1
The ordinary generating function of the sequence
{a } is formally defined as
A(f) = L ar t r .
r=0
Definition 4.2
The exponential generating function of the





THEOREM 4.1 • .
If A(t) , B(t) , C(t) are three exponential generating








A(t) = B(t) • C(t)
C > ^ = A bk-rcrlr)-\ t r=0




Now consider the exponential generating function
00





but kS(n,k) = S(n+l,k) - S(n,k-1) from Lemma 2.1
tO = Z [ S(n+Vrt^Ct) L (n + l,k) - 5(n,k-l)] y
n=0 n '
= L S(n + l,k) ^ - L S(n,k-1) ^
n=0 n ' n=0 n *
00
V tn_1
= Zj srn ,k) ? -T-. - Y- -ft)
n=l v -*
kYk^ ar Yk^ - Vi<«












J e'\.,W*» - e"








/ e Y-, , (m) dm, (6)
THEOREM 4.2







PROOF: By induction on k
(7) is true for k=l
Y
x















Assume (7) is true for k-1, then from (6)
Yv (t) =
kt f -km (em -l) k
- 1

















Let u = 1-e •m
mdu = e dm
m
m
= ;z> u =
= t =$> u = l-e _t
1-e


















-p£j- 2.1 S(n-r,w) S(r,k-w) [£|
w r=k-w








k! = (k) (k-w) ! < w < k.
w
Let






B(t) = L 7]^ S(n,k-w) ^
n=0 UJ w n '












= A(t) • B(t).
Hence, from Theorem 4.1
n
S(n,k) = ZjSO- 1"^) to- S(r,k-w) (?)





L S(n-r,w) S(r,k-w) (?)
but S(r,k-w) =0 r < k-w









*1 L S(n-r,w) S(r,k-w) (?) ,
^
; w r=k-w
< w < k.
From this theorem, the identity which was used in the
proof of Theorem 3.2 can be obtained immediately.
Corolary 4.3
n
S(n+l,k) = L (?) S(r,k-1).
r=k-l
PROOF: Take w=l in Theorem 4.3
n-1
S(n,k) = jL- L S(n-r,l) S(r,k-1) (?)
1 r=k-l
but S(n-r,l) = 1 by Lemma 1.2
and (k) , = k
.
n-1
S(n,k) = I L (?) S(r,k-1)K
r=k-l
n-1







S(n+l,k) - S(n,k-1) = L (?) S(r,k-1)
r=k-l '
n
S(n+l,k) = L [2] S(r,k-1)
.
r=k-l * J
Consider now the ordinary generating function of Y, (t)
*(u,t) = L Y (t) uk
k=0 K







$(u,t) = e v *
Note that the moment generating function of a Poisson dis
tribution with u = a 2 = u has the same form as $(u,t).
Now let
Z (u) = L S(n,k)uk = 2.. S(n,k)ukn k=0 k =
since








- L u Z_i S(n,k) -T
k=0 n=0 n '
CO jn
-I ^ J-u ue , ^ , P . , .= Z^ r ^ S(n,k) u
n=0 n - k=0
x=0 x - n=0 n " n
00 00
u y s y xtxi" . y £
CO 00







(u) = L S(n,k) uk
k =
n
= L-j [S(n-l,k-l) + S(n-l,k)] u ]
k=0
n n-1




















2j S(n-l,k) uk + 2j S(n-l,k) kuk_1
Z
n
(u) = u Z , (u) + ~ Z
n
(u)





After working with the exponential generating function
Yv (t) and its derivatives, the following is noted.
THEOREM 4.4
For m > n




S(n,k) (e +c) kt(m-k)
PROOF: By induction on n






f t , s m- 1 .(e + c) t
(m-1)! -Ik=0 sd.« ^r^
Assume (8) is true for n, then
d











































, t x .m-k , .(g + c) kt
(m-k)! e *














Let k=k' and add term k=0 since S(n,-1) =
n+1 nZt m - k X-'S(n,k-1) ^ ?*] ekt + L kS(n,Im^k) k)k=0





, t .m-k , .(e +c) kt
(m-k) !
, t , . m-n- 1 , . -. . .
rr ^ (e +CJ (n+l)t+ S(n,n) t f. . e^ 'v
'







. 2_» S(n+l,k) [
e
££jj^q ' ' (m-k) !









.*) {fef * ekt -
Therefore (8) is true for n+1, which completes the proof
As a consequence of Theorem 4.4, an interesting identity
is stated in the following:
Corolary 4.4
n
9^ - /< S (n,n-k)
k!n k=0
PROOF: Take m=n and c=0 in Theorem 4.4
_d
dt
n nt y e (n_k)t kt
~^r Zj 5(n,k) (n . k) , ek=0
n
n nt V^ nt
n e > c r t >. e
i—








or if k is replaced by n-k
n
_ ) S (n,n-k)
n i *—i k i. k=Q .
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V. ADDITIONAL IDENTITIES AND PROPERTIES
Other identities and properties of Stirling Numbers of
the Second Kind may be obtained through the use of facts
known at this point. Through successive use of the recur-
sion formula, the following two theorems are obtained.
THEOREM 5.1
n
S(n+l,k) = ^ kn_r S(r,k-1) (9)
r=k-l
PROOF: By induction on n
•Equation (9) holds for n=l
1
sS(2,k) = U k 1_r S(r,k-1)
r=k-l
iS(2,0) = Z-> 1_r S(r,-1) =
r=-l
1
SC2.1J - I ^^ S ( r ' 0) " 1
r=0
1
S(2,2) = L 2 1_r S(r,2-1) = 1
r=l
Assume (9) holds for n. Then
S(n+2,k) = S(n+l,k-l) + kS(n+l,k)
= S(n+1, k-1) +k I kn ~ r S(r,k-1)
r=k-l







.I kn+1 " r
r=k-l
Thus equation (9) holds for n+1, completing the proof
THEOREM 5.2
k
'n+l,k) = 2_» r S(n+r-k,r) , k<n
r=l
PROOF: Let w=k-r r=k-w
k-1
S(n+l,k) = Zj (k-w) S(n-w,k-w). (10)
w=0
Now induct on n. Equation (10) holds for n = 1
k-1
c ro v\ - ) fk-wl ^f?-™ k-wl
w=0
S(2,0) =
S(2 } 1) = /_, (1-w) S(2-w,l-w) = S(2,l).
w=0
Assume (10) holds for n, then it follows that
S(n+2,k) = S(n+l,k-l) + k S(n+l,k)
k-2
= £_, (k-l-w) S(n-w,k-l-w) + k S(n+l,k)
w=0
k-1





= 1 (k-w) S(n+l-w,k-w)
.
w=0
Therefore equation (10) holds for n+1 which completes
the proof.
Extensive work with Lemma 2.3 yields the following:
THEOREM 5.3
k









1 > , n k+w (M > r
FT >L (
" X) U) Ll a rw
w=0 r=^
k k













If £(w) = w w=0,l,...,k where f(x) = /
f
a






When Theorem 5.3 is applied to the generating function








u) = Z-i S(n,k) uV
by Theorem 5.3
n
S(n,n) =l=il (-l) n+w |S] Z n (w)
w=0




Using the results of Theorem 3.1 and an additional




























S 2 (n,k) > ^j S(n,k-1) S(n,k+1)
S 2 (n,k) > S(n,k-1) S(n,k+1)
S(n,k) S(n,k) + (k+1) S(n,k) S(n,k+l)
S(n,k)
> S(n,k+1) S(n,k-1) + kS(n,k) S(n,k+1)
1
S(n,k) + (k+1) S(n,k+1)
> S(n,k+1) S(n,k-1) + k S(n,k)





S(n,k)S(n+l,k+r) >S (n ,k+r) S (n+1 ,k) (11)
PROOF: By induction on r
Inequality (11) is true for r=l by Lemma 5.1.
39

Assume (11) is true for r, thus by Lemma 5.1
with k replaced by k+r
S(n,k+r)S (n+1, k+r+1) S(n, k+r+1) S (n+1 ,k+r)
or






SCn+l^k) ' s (n+1 > k+r +D> S(n, k+r+1)
S (n, k) S(n+l,k+r+l)>S(n, k+r+1) S (n+1, k)
.
Thus inequality (11) is true for r+1 which completes
the proof.
THEOREM 5.3




















S(n,k) S(n+w,k+r)>S(n,k+r) S(n+w,k). (12)
PROOF: By induction on w
Inequality (12) is true for w=l , by Lemma 5.2.
Assume (12) is true for w.
40

By Lemma 5.2 with n replaced by n+w
S(n+w,k) S(n+w+l,k+r) S(n+w,k+r) S(n+w+l,k)
or











Thus, inequality (12) is true for w+1, which
completes the proof.
In addition to Theorem 5.3, another inequality may be










S (n,k) > £j S(n,k-1) S(n,k+1)




S z (n,k) > ^-±- S(n,k-1) S(n,k+1)
kS(n,k) S(n,k) > (k+1) S(n,k-1) S(n,k+1)
S(n,k-1) S(n,k) + k S(n,k) S(n,k)
> S(n,k-1) S(n,k) + (k+1) S(n,k-1) S(n,k+1)
S(n,k) [S(n,k-1) + kS(n,k)]




APPENDIX A: TABLE OF STIRLING NUMBERS OF THE SECOND KIND
N= 1 S(N,K) K N- 2 S(N,K) K H- 3 5(N,K) K11 11 11
12 3 2
1 3
































































































































N= 16 S(N,K) K
1 1
32767 2















































































































































N= 23 S<N,K) K N= 24 S(NiK) K
1 1
1 1
4194303 2 8388607 2
156863355C1 3 47063200806 3
2916342574750 4 11681056634501 4
96416888184100 5 485000783495250 5
998969857983405 6 6090236036084530 6
4382641999117305 7 31677463851804540 7
9741955019900400 8 82318282158320505 8
12320066811796900 9 120622574326072500 9
9593401297313460 10 108254081784931500 10
4864251308951100 11 63100165695775560 11
1672162773483930 12 24930204590758260 12
401282560341390 13 6888836057922000 13
68629175807115 14 1362091021641000 14
8479404429331 15 IdCO'lO'1 ''''1 ' -tr\n r\ 15
762361127264 16 20677182465555 16
49916988803 17 1610949936915 17
2364885369 18 92484925445 18
79781779 19 3880739170 19
1859550 20 116972779 20
28336 21 2454606 21
253 22 3 3902 22
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